1.
In [3] , we have shown that in a finite ZP-group G in which A and B are cyclic and A is its own normalizer, the commutator subgroup T of G is cyclic and G = AT with AC\T= I. This result can be used to determine the structure of arbitrary ZP-groups in which A and B are cyclic.
If A is a subgroup of a group G, define the subgroup Ni(A) of G inductively by the formula Ni(A)=No(Ni~1(A)), and denote by N*(A) the upper bound of the subgroups Nl(A). Using this notation, we shall prove the following theorem concerning ZP-groups: Let A = (a), P = (ô) and B' = ibr). It is clearly sufficient to prove by induction on i that if ¿»"GA^Z)-1, then buGN'(A)B' for some j. Now for some integer X with 0<\<p, we have
We treat the casesX = l and X>1 separately. If X = l, B'CN(A). Now if ¿»"G-A^Z)-1, 5"GAi(Z) and hence 5"á5-uGA,'-1(Z). By in- Since (X -1, p) = 1, we can find an integer 5 such that y + 5X = 5 (mod p). We then have On the other hand, if (t) < [Go, Go], we must have Po= [Go, Go]. Since Go is an .4P-group, its commutator subgroup Po is abelian (Ito [4] ). Now o(To)=mp and we have just shown that Po contains no commutator of order mp. Therefore p\m. Since To is normal in Go and is generated by t and bT, we have Then T=(t), where t = a"br for some integer 5.
If 5 = 0, T = B0, and it is obvious that P and B* commute elementwise. Hence we may suppose s 5¿0 and without loss of generality that s\h, where h = o(A). First of all, if h<sm, ahbrh,' = brh,sET, and generates a subgroup Po, which is clearly invariant under B and hence is normal in G. It follows at once by considering G/To and using induction on the order of G, that (4) brHb-ri = tbrt-hl')i> for some integer ß.
If re denotes the order of B*, we conclude at once from (4) that t = brd"tb~rdn = tbr<-h'")i,n, whence (5) r(h/s)ßn = 0 (mod m).
Since (re, m) = l by Lemma 3, r(h/s)ß = 0 (mod m) and brdlb~rd = t, as desired.
We may therefore assume that h = sm. For i= 1, 2, • ■ • , d we have (6) briab~ri = a"i-ibri~lvi~1 for suitable integers Ui-i, »<_i, where ro = 0.
Let G i be the commutator subgroup of Gi = Ni(A)T. We know that T=(t) is the commutator subgroup of Go = AT. Since Ni~1(A) is normal in N'(A), and Gi = Ni(A)BQ, G¿_i is normal in G,-. It follows readily by induction that G/ is generated by the elements a"0-1, a«»-1^»"», • • • , au<-1-1ôri-1"i-1, /. Furthermore G/ is abelian since Gtis an ylP-group for each i.
To prove that B* and T commute elementwise, we have only to
show that britb~ri = t on the assumption that bri~Hb~r>-l = t. Now from the form of G/, we have Now t = a'br and P=a*°br'' for some integer <r, whence bria3b~ri = ap+"jr(T-i)_ But this implies ir(,r-1)GA<-1(Z)r\Po = l, so that a = 1 (mod »?). Since a*m = 1, we may assume o" = 7 = 1, and hence that (9) bria"b-ri = a"+', britb~ri = aH.
In particular, (9) implies that s\p. Since T is normal in A T, we have finally (10) ata"1 = /x for some integer X.
In view of (6) (11) (bria)l(bria)^1 = (a'"-'ibri+Ti-lvi-1)tiau<-1bri+ri~lvi-1)-1.
Using (9) and (10) and our assumption that èr*'_1 commutes with /, we conclude readily from (11) that (12) a"Hx = aH^-1.
Since Zf"\r=l, p(X -1)=0 (mod h). Since h = ms and s\p, we obtain (13) -(X -1) = 0 (mod*»). Since Ai~\B is in the center of G, xm = l. On the other hand (14) yields t = brdntb~rdn = x"t, whence xn = l. Since (re, m) = l, we conclude that x = 1 ; and the theorem is proved.
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